In comparison with the traditional controller PID, the fractional order controller λ μ PI D is added with two parameters ( and ), that increases the flexibility of the controller. The larger adjustable space makes it more favorable to the control of the nonlinear system like the three-phase grid-connected inverter. However, since the fractional calculus operator is an irrational function on the complex plane, it can't be implemented directly in simulation or in practical applications. In this paper, the advantages of the fractional order controller λ μ PI D will be analyzed, then the fractional calculus operator is fitted by the frequency domain analysis method. Based on the vector method, the fractional order controller λ μ PI D of the grid-connected inverter is designed. Simultaneously, the optimal controller parameters are searched with the ITAE and IAE as the performance index. And finally, the results are compared with those of the traditional controller PID. In consideration of the defects of fractional algorithm and single discretization method, a hybrid discretization method is proposed in order to ensure that the discretized controller can keep the same timedomain response and frequency characteristics as the designed controller. The experimental results show that the proposed method has the dynamic and static characteristics better than the traditional controller PID, which proves that the application of fractional order controller in three-phase grid-connected inverter is effective and feasible.
INTRODUCTION
Three-phase grid-connected inverter can achieve sinusoidal current, unity power factor operation, and DC-AC conversion [1] , so it plays a significant role in research and application. Three-phase grid-connected inverter often uses two control loops with PID regulator [2] . Theoretically, PID controller can be used to control DC bus voltage and current-loop current without static error. Furthermore, sinusoidal current will be realized in the steady state, which is in the same phase as the phase voltage of the grid side [3] . However, there is a problem with the design of parameters that are not exactly accurate, influenced by modulation methods, the characteristics of the power switch tube and the dead time, and so on. As we have known, the three-phase inverter is highly nonlinear, so using conventional PID controllers can't achieve good control results.
To enhance the quality of control, especially the quality of the grid current, it is imperative to improve the traditional PID controller. This paper analyzes the three-phase grid-connected inverter and designs the fractional controller λ μ PI D for the current loops. Compared to conventional PID controllers, the fractional controller λ μ PI D has two additional parameters  and  that increase the adjustment ability of the controller,  and  can be selected as a decimal; therefore it is suitable for nonlinear control systems [4] . The fractional controller λ μ PI D has strong robustness, better results than conventional PID controller. At the same time, this paper also considers a method for digital algorithm and disadvantages of single discretization method, then we introduced hybrid discretization method and discretized the fractional controller λ μ PI D . This hybrid discretization method can adhere to an extreme at frequency range to select suitable discretization method, with a small deviation, and ensure that the discretized controller has frequency characteristics similar to proposed controller. Finally, through simulation and testing results, we compare the control results of the conventional PID controller and the fractional controller 
NOMENCLATURE

Control of grid-connected inverter
Consider the circuit topology of three-phase grid-connected inverter in Fig. 1 The control objectives of the three-phase grid-connected inverter are as follows: (1) to stabilize the DC bus voltage, and the dynamic response is fast; (2) to achieve sinusoidal current of the grid side, and the power factor is high. Therefore, voltage and current closed-loop method can be used to control the system. Generally, voltage loop, as the outer ring, is used to ensure the stability of the DC bus voltage. And the current loop, as the inner loop, is used to adjust the current quickly, so as to improve the speed of current control. The control diagram of three-phase grid-connected inverter is shown in Fig. 2 .
In order to simplify the control of the current, feed-forward decoupling control strategy [5] is used to decouple the current in d axis and q axis. The current loop control diagram with feedforward decoupling is shown in Fig. 3 
Grid voltage detection and transformation
Grid current detection and transformation 
Grid-connected inverter model In the traditional control, the PI controller is used to regulate the voltage and current without static error. Based on 2 Copyright © 2017 ASME Considering the influence of the current sampling and SVPWM method in practical application, regard each of them as a small inertia element and let the time constant be 12 ,
TT.
For the case of two inertia elements in series, if the condition (1) is met, the two can be combined into one. 
Where,
c
 is the open-loop cutoff frequency. Then incorporate it into the model shown in Fig. 3 , we have 
Characteristics of fractional order controller
For the general control system, the structure of the fractional order 
or in transfer function form [6] In a word, the fractional order controller λ μ PI D can provide a larger lead phase or lag phase. Meanwhile, for the same vector, more combinations can be chosen. Thus, the fractional order controller is more flexible and adjustable.
Design of fractional order PI  controller
For the controlled object 0 () Gs shown in expression (2), it can be represented by the vector P on the complex plane. Given the cutoff frequency c  , it is easy to get the modulus and angle of P.
For a given index of parameters tuning, it can be expressed by the vector G, and consider it as the index after the correction by the controller. Given the phase margin 
Define the correction vector C as the vector represented by the fractional order PI  controller, we know that the relationship between the vector ,
According to the expressions (7) to (9), we have
Let A be the modulus and  be angle of the vector C,
Then the vector model of the fractional order PI  correction vector C designed in this paper can be shown on the complex plane in Fig. 7 . 
In the three-phase grid-connected inverter system of this paper, the switching frequency of IGBT is 10 kHz, so s T can be set to 0.0001s. And the grid side inductance is 5mH, so take L as 0.005H. While R is the sum of the switching loss and the internal resistance of filter inductance, let R be 0.05Ω. As the dead time is 5μs, pwm K is about 1.24. Substituting the above parameters into expression (2), the controlled plane of the actual current loop in this paper can be written as  is set to 3000 to 4000 rad/s.
, by minimizing the index function J, a set of optimal parameters in the workspace is obtained. Considering the tracking performance of the system and its ability to suppress the harmonic interference, the performance criteria J can be chosen as 0 0
Where, IAE stands for the integral of absolute output under harmonic interference only (d in Fig. 4) , and ITAE is the 4 Copyright © 2017 ASME Fig. 4 ).
For each point in the search interval, the fractional order PI λ controller parameters are solved by the expression (13), (14) , then parameters is put into the control system, shown in Fig. 4 , to obtain the response and the index J is calculated at the same time. Finally, the J curve is plotted with the cutoff frequency c  and the integral order λ, so as to find out c  , λ and the controller parameters , pi KK corresponding to the minimum J.
As J is too large to be taken into account when λ<0.2, ignore the data of this part then we get Fig.8 . 
Take the same search interval, the optimal parameters of the traditional PI controller can be also obtained.
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Numerical realization of fractional order operators
In order to make the fractional order controller effective in the system designed in this paper, this section will focus on the numerical implementation of fractional order controller.
In expression (4), we can find that the realization of the fractional order λ μ PI D controller is ultimately attributed to the numerical implementation of the fractional calculus operator.
However, since the fractional calculus operator is an irrational function on the complex plane, it can't be implemented directly in simulation or in practical applications. Therefore, it is necessary to find a suitable method to fit the fractional calculus operator. The fitting methods usually used are as follows: power series expansion [7] , continuous fraction expansion [8, 9] , Carlson method [10] , Matsuda's method [11] , Chareff's method [11] , Oustaloup's approximation [12] [13] [14] , etc. In this paper, the improved optimal rational approximation (ORA) is adopted.
The optimal rational approximation method is also a practical fitting method. The main idea of this method is to set a max deviation ε of amplitude-frequency characteristic between the approximate function R(s) and the objective function () o Gs as a standard. Then according to this standard, the optimal approximation is achieved by limiting the error of the approximate function not to exceed the agreed range. In order to keep the amplitude-frequency characteristic consistent with its phase-frequency of the rational approximate function, a construction method can be established on the minimum phase system. The rational approximation transfer function is constructed by using n single negative real zeros and m single negative real poles, where the relationship between the number of zeros and poles is met the condition follow. 0 1 nm   (19) However, as one of the high-order fitting methods, the disadvantage of the ORA method is that the low frequency gain is a finite constant. Therefore, the steady-state gain is not infinite, so the controller obtained by this method will surely lead to the static error of the control system. In order to avoid the static error, the above methods should be improved. 
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Figure 9. Schematic diagram of rational approximation
Where ω1 can be set freely and the recurrence formulas for the turning points is or ωi+1 is greater than ωb, which can be written as
Where, m-n= {-1, 0}.
As one of the indirect discretization methods, the improved ORA method is more suitable for the frequency domain analysis than the conventional methods, which is in favor of the design of the controller. Moreover, in comparison with Chareff's method and Oustaloup's approximation, the fractional calculus operator obtained by the improved ORA method has better fitting frequency characteristics in the range   , ab  . Especially, its approximation accuracy of the phasefrequency characteristics is higher both in the high frequency and low frequency areas. Bode diagrams are shown in Fig. 10 , 11, 12, where the approximation frequency range is 6 5 10 ,10
and the approximate order is the same; the dashed line corresponds to the frequency characteristics using Oustaloup's approximation method and the solid line corresponds to the frequency characteristics using the improved ORA method. 
Discretization of fractional order PI  controller
Since the approximation function R(s) of the fractional order integral operator behaves as a high-order fraction, the transfer function of the fractional order PI  controller () c Gs in the frequency domain is also a high-order fraction, which can be written as
Considering the principle of the ORA method, we know that the rational approximation function R(s) of the fractional integral has no repeated roots neither the zeros nor the poles. Therefore, R(s) can be expanded into the following form by partial fraction method.
Also, the fractional order PI λ controller Gc(s) can be expanded to a similar form by partial fractional methods.
In this paper, a hybrid discretization method is proposed in order to ensure that the discretized controller () c Gscan keep the same time-domain response and frequency characteristics as the designed
Gs . According to the characteristics of different discretization methods [15] , the hybrid discretization method uses impulse response method or bilinear transformation method in different frequency range for Z transform, in order to combine the advantages of this two methods and make it better.
The main idea of compound Z transform is: firstly,  is greater than the threshold, and 1  is less than the threshold. The advantage of this discretization method is that it divides a high-order transfer function into the form of multiple first-order transfer functions in parallel, and combines the advantages of different discretization methods to select the better one according to the different frequency range of the poles. At the same time, when the first-order transfer function is discretized, the operation precision is high, so that it is easy to avoid the distortion caused by insufficient high-order operation precision. Moreover, the number of points that need to be stored in the past is relatively smaller in digital implementation. Step response of continuous controller () In the three-phase grid-connected inverter simulation system, the DC bus voltage is set to 660V, the dynamic and static voltage, current and the total harmonic distortion (THD) of the system with load are shown as follows, where the load is suddenly changed in the intermediate instant. Comparing Figure 15 with Figure16, it can be seen that the DC bus voltage of the closed-loop system with the fractional order controller PI  increases faster, with smaller overshoot, shorter settling time. Furthermore, the drop is smaller and the time returning to steady state is shorter when the load is suddenly changed in the intermediate instant.
From Figure 17 and Figure 18 , we know that the active current Id of the closed-loop system with the fractional order 8 Copyright © 2017 ASME As for Figure 19 and Figure 20 , it can be found that the grid side current of the closed-loop system with each controller has excellent sinusoidal and low harmonic distortion THD. However, the THD by the effect of the fractional order controller PI  is 2.43%, which is less than the THD (2.69%) under the action of the traditional controller PI.
 Analyze the experiments at the static state: 
6KW load capacity
Comparison of Figures 21 and 23 shows that, when the system is operating at a constant load of 6KW, voltage and current are in phase, basic control objective of unity power factor is obtained. But it can also be seen that, when operating in steady state, under the effect of the fractional controller PI  , the current in the grid is more sinusoidal.
According to the parameters in Figure 22 and Figure 24 , the analysis and comparison of the two conventional controller PI and the fractional order controller PI  in static state, is not much different of power factors between both controllers, under the influence of controller PI, the total harmonic distortion is 2.3%, while using fractional controller PI  the total harmonic distortion is 1.9%. It can be seen that using fractional order controller PI  has better harmoic inhibilation . 9 Copyright © 2017 ASME After the system has operated for some time, we increase the load capacity from 3KW to 6KW. From Figure 25 and Figure 26 it can be seen that, when using the PI controller, the phase current adjusts to the sinusoidal waveform after a period of less than half cycle, while using the fractional order controller PI  , the phase current of the rectifier is not affected by changing the load, still maintain good sinusoidal ideal shape. It can easily be seen that, under the influence of the two controllers, the current and the voltage are both in phase, the grid inverters obtain the purpose of unity power factor.
Thus, the results show that when using conventional controller PI and fractional order controller PI  , with different load capacities, analysis and comparison in both static and dynamic state, it can be proved that the use of fractional order controller PI  to control the three-phase grid-connected inverter provides better results, the application of fractional controller in this system is feasible and effective.
Conclusion
In the three-phase grid-connected inverter system, a fractional order controller PI  is designed based on the frequency domain analysis method. Under the same conditions, the parameters of the fractional order controller PI  and the traditional controller PI are adjusted separately. Considering the digital realization of the fractional order controller, a hybrid discretization method is proposed in order to ensure that the discretized controller can keep the same time-domain response and frequency characteristics as the designed controller.
With a series of simulations and experiments, it is proved that the fractional order controller 
PI
 has more flexibility than the traditional controller PI. Therefore, its further application is very promising.
